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INTRODUCTION 


^ It  is  well  established  that  given  the  computations  for  predl/cting  the  per- 
formance of  a transducer  array  at  a frequency  band  centered  at  fyone  can  easily 
scale  the  entire  problem  to  a new  frequency  band  centered  at  f$.  The  purpose 
of  this  note  is  simply^to  document  with  simple  examples  a recipe  for  performing 
such  a frequency  scaling  of  the  entire  problem  and  thereby  hplp  avoid  wasting 
time  re-thinking  this  procedure  whenever  it  is  needed.  No  attempt  will  be 
made  to  treat  the  subject  in  general  or  in  depth. 


CERAMIC  RING  EQUATIONS 


For  a single  piece  of  33  mode  longitudinally-poled  piezoelectric  ceramic,  the 
following  equations  can  be  shown  to  apply: 


*r 

r „C 

Z11  Z12 

41 

m « 

V1 

- «« 

m m 

V1 

F2 

- 

-zc  -zc 
Z12  Z11 

£ 

V2 

4 

zc 

v2 

E . 

zc  -ZC 
LZ13  Z13 

ztJ 

I . 

■»  — 

J. 

(1.1) 


where: 


force  on  the  right  side. 

" " " left  " . 

velocity  on  the  right  side. 

" " " left  " . 

voltage  across  the  piece, 
current  in  the  piece. 

3X3  transfer  matrix  which  describes  the  piece  as  a 
3-port  network. 


From  MCR  #1  (among  others)  we  may  write: 
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Where:  p - ceramic  density  (Kg/n?) 

c - ceramic  sound  velocity  • cr  (1  - Jc,,)  (m/sec) 

8 ■ kl  ■ ~ (radians) , u • 2irf 

1 ■ ceramic  length  (per  piece)  (a.) 

2 

A - ceramic  area  (m  ) 

G33,  Sjj  • S33D  “ (ceramic  parameters) 

"M"  « loss  multiplier 
E33T  - E33Tre  (1  - JE33TM) 

S3 3D  - S33Dre  (1  - 3S33DM) 

G33  - G33re  ( 1 - JC33M) 
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CERAMIC  STACK  SCALING  EQUATIONS 


where : is  a function  of  6 ■ u>  “ 2uf,  f ■ frequency. 

CN 

Thua,  If  we  assume  ui  to  be  Invariant  In  our  scaling,  we  know  K to  be  Invariant. 

Knowing  the  3X3  representation  of  a ceramic  cylinder,  we  can  perform  the 
following  manipulation: 
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(3.1) 


Let:  A.  - ceramic  area,  in  ■ ceramic  piece  length  and  u.  " reference  operating 


frequency. 
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Define:  — - — where  u»g  ■ scaled  operating  frequency 


■ 8 X 


Thus,  since  wnin  ■ u>  t ■ invarient;  then  r—  - s 
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where:  - length  after  scaling  for  operation  at  ug 


Ag  • area 


II  II  II  II  II  It 


For  (3.1)  above,  we  now  have  (after  scaling): 
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With  the  foregoing  In  mind,  we  may  choose  a ceramic  stack  designed  for  operation 
at  wq,  with  length  1q  and  area  Aq  which  is  described  by  equation  (3.1).  If  we 
now  wish  to  ecale  this  stack  for  operation  at  any  other  frequency,  u_ , we  may 
ascribe  a new  piece  length,  ls,  and  a new  area,  Ag,  and  then  write  tne  descrip- 
tion of  the  scaled  stack  as  follows: 
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CN  qj 

ft  is  advantageous  to  remove  the  scaling  factor,  s,  from  [Z  ] making  [Z  ] 
invariant  during  scaling,  (i.e.  [Z^]  -►  [Z0*0]  for  u>Q). 


From  (3.6): 
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NON-PIEZOELECTRIC  SCALING  EQUATIONS 

Similarly,  it  is  shown  in  MCR  #1  that  the  2-port  description  of  any  straight 
section  can  be  written  in  the  form: 


K°  A°  K°  A° 
11A  *12 

_v°  A°  K°  A0 
12  22 


(4.2) 


where:  the  subscript  1 implies  left  side 
11  " 2 " right  side 


A 

A “ straight  section  area. 

K®  is  e function  of  0 ■ — 
ij  c 


c ■ sound  velocity  in  the  straight  section 
M ■ frequency  (redions/sec) 
l ■ straight  section  length. 
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By  using  reasoning  similar  to  that  accompanying  equations  (3.2),  (3.3),  and 
(3.4),  we  can  write: 
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where  [Z°j]  are  valid  at  operating  frequency  o»0. 


Therefore: 


(i,j 


1.2) 


(4.4) 


where  [Z^]  is  invariant  during  scaling  to  other  operating  frequencies. 


It  can  be  easily  be  shown  that,  for  a conical  section,  equation  (4.4)  is  valid 
in  form. 


We  now  are  in  a position  to  examine  an  entire  transducer  element  made  up  of  many 
two-  and  three-port  networks  of  the  form  shown  in  equations  (4.1)  and  (4.4). 
Since  the  transfer  matrices  in  these  equations  are  functions  only  of  8 and  8 
is  held  constant  when  scaling  to  a new  operating  frequency  by  assumption,  any 
conceivable  combination  of  these  matrices,  such  as  might  be  found  In  a complex 
sonar  element  must  also  be  independent  of  s. 


e.g: 
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For  a single  element  where  [Z^]  is  invariant  during  scaling 


The  radiation  impedance  for  a simple  circular  piston  can  be  written  in  the 
fora:  - 


Fr  " PcA0vr  lR  (0)  + JX  (6)1 


(5.2) 


where:  F°  • radiating  face  force  on  the  water 


II  II 


velocity 


p • density  of  sea  water 

c ■ sound  velocity  of  sea  water 

2 

Aq  » radiating  face  area  ■ ita 

a ■ radius  of  the  radiating  face 

0 - lea  - — 

c 

u “ frequency 

R°(0)  and  X°(0)  are  functions  relating  array  geometry,  etc. 

Similarly  to  the  steps  leading  to  equations  (4.1)  and  (4.4), 

A 

Fj  - pc  vj  [R°(0)  + jX°(0)] 


(5.3) 


or 


v v8 

SF8  - Aqpc  (rf)  (R°(0)  + JX°(0) ) - K°(-^) 


(6.1) 


where:  K°  la  invariant  during  scaling  provided  that  ua  is  held  fixed. 

Returning  to  equation  (5.1)  and  shorting  out  the  tail  port  by  terminating  with 
air  (set  fT  s 0): 
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As  can  be  seen,  invariance  is  indeed  preserved  when  Che  tail  port  is  removed. 
Continuing  with  equation  (6.4)  and  substituting  with  equation  (6.1): 


With  this  final  result  in  hand,  we  make  the  following  comments  andaummary  of 
sir'  assumptions v • 
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Assumptions 

1. )  Assume  that  the  form  of  equation  (6.1)  is  valid  for  the  head  geometries  to 

be  considered. 

2. )  Assume  that  the  linear  math  model  for  the  3-3  mode  ferroelectric  ceramic 

longitudinal  resonator  is  valid  over  the  range  of  frequencies  to  be  con- 
sidered. 

3. )  When  scaling  up  or  down  to  a new  operating  frequency,  assume  that  all  linear 

dimensions  are  varied  proportionately  by  the  same  scaling  factor,  which  is 
defined  in  equation  (3.2). 

Scaling  equations  for  fixed-input  design. 


1. )  At  some  u>Q  operating  frequency,  a transducer  element  has  been  thoroughly 

studied  and  optimally  designed  with  respect  to  areas,  lengths,  power-handling 
capability,  field  limitations,  etc.,  and  is  completely  understood  over  the 
frequency  operating  band  centered  at  uq. 

2. )  A new  element  design  is  now  required  at  some  new  center  operating  frequency, 

u , which  is  related  to  u by  a scaling  factor,  s (Eqn.  3.2). 
s o 

3. )  With  only  the  available  information  from  computer  runs  and  so  forth,  the 

designer  can  scale  the  existent  element  in  such  a manner  as  to  preserve 
optimization  for  the  most  part  and  he  can  Immediately  determine  the  opera- 
tion of  this  scaled  element  at  the  new  center  frequency,  u0. 

4. )  To  do  this,  he  need  only  proceed  in  the  following  manner:  Returning  to 

equation  (7.1),  we  note  that,  for  any  scaling  factor,  s,  the  values  of 
quantities  of  interest  for  the  scaled  version  of  an  element  are  related 
to  the  original  values  in  the  following  fashion: 
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Scaling  equations  for  field- limited  design 


Further  elaboration  is  possible,  of  course,  but  the  above  equations  provide 
adequate  example.  Another  interesting  method  for  viewing  these  quantities  vs. 
scaling  of  frequency  is  to  hold  some  other  performance  variable  fixed  (other 
than  E or  I)  such  as  field  when  field- limited  or  strain  when  strain-limited 
and  view  the  corresponding  behavior  of  the  other  variables. 


For  example,  consider  the  following  field-limited  case: 
Assume  field,  g,  to  be  limited  to  a maximum  of 
Then:  e#  * eo 

Thus,  Eg  - iggg  - gQto  - Eo/s 


(9.1) 
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(9.3) 
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